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We consider dynamical black hole formation from a collapsing fluid described by
a symmetric and flat FRW metric. Using the Hamilton-Jacobi method the local
Hawking temperature for the formed trapping/apparent horizon is calculated. The
local Hawking temperature depends on the tunneling path, which we take to be along
a null direction (∆s = 0). We find that the local Hawking temperature depends
directly on the equation of state of the collapsing fluid. We argue that Hawking
radiation by quantum tunnelling from future inner and future outer trapping horizons
is possible. However, only radiation from a space-like dynamical horizon has a chance
to be observed by an external observer. Some comparison to existing literature is
made.
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2I. INTRODUCTION
There exists a huge amount of literature investigating Hawking radiation in various ana-
lytical models of black hole formation. In time dependent backgrounds an important concept
are trapping horizons (surfaces) which can be classified in various subcategories. In this con-
text one interesting question to ask is: For which trapping horizons can Hawking radiation
appear and is there a preferred path? In this short note we examine this question for
dynamical black hole formation from a collapsing fluid described by a symmetric and flat
(k = 0) Friedman-Robertson Walker (FRW) metric. Using the Hamilton-Jacobi (HJ) tun-
neling method we calculate the local Hawking temperature for the formed apparent horizon
(which can be a future inner or a future outer trapping horizon) with radius R and mass
m(t, R).
For tunneling along a null direction ∆s = 0 we argue that in summary the absolute value,
evaluated on the horizon RH = 2m, has to be taken,
TH =
|H + H˙
2H
|
2pi
∣∣∣
H
, (1)
where H is the Hubble parameter, which in terms of the scale function a reads H(t) = a˙(t)
a(t)
.
In terms of the surface gravity κH on the dynamical horizon the temperature is
TH =
|κH |
2pi
. (2)
As a consequence, by looking at the temperature alone computed by the HJ method one can
not decide if Hawking radiation for a certain type of apparent horizon is present. Note that
in most of the literature in which the tunnelling method is applied to obtain the Hawking
temperature for dynamical black holes no absolute values are invoked, including [1–12].
The paper is organised as follows. In section II we review the collapsing fluid model after
which we calculate the surface gravity in section III. In section IV we calculate the local
Hawking temperature for space like and timelike horizons, mostly following the review paper
[3].
II. THE COLLAPSING FLUID MODEL
In this section we review the most important details of the explicit example of a collapsing
fluid needed for the rest of this work, where we closely follow the notation of the paper [13].
For related works on collapsing fluids see also [14–17] and [18].
The spherically symmetric collapse is expressed in terms of the scale factor a(t), with
a˙(t) = da
dt
< 0 and using the FRW metric
ds2 = −dt2 + a2(t)(dr2 + r2dΩ22). (3)
We take the marginally bound case (k = 0), which allows to obtain a simple analytic solution.
The scale factor a(t) is determined from Einstein’s equations (with vanishing cosmological
constant and back reaction ignored)
a˙2 =
1
3
ρa2, (4)
3and
a¨ = −1
6
(ρ+ 3p)a. (5)
The time dependent energy density ρ(t) and the pressure p(t) of the fluid satisfy the following
equation of state (EoS)
p = wρ = −1 + 2β
3
ρ, (6)
where β is constrained to lie in the interval −2 ≤ β < 1. One can check that Eqs. (4 - 6)
are compatible with the ansatz
a˙2 = a2β, (7)
which then gives, choosing a(0) = 1 as initial condition, the solution
a(t) =
{
1− t/ts
} 1
1−β
. (8)
The singularity formation time is given by ts =
1
1−β and 0 < t < ts. For later purpose the
Hubble parameter is introduced,
H(t) =
a˙(t)
a(t)
= −aβ−1 = − 1
1− t/ts ≤ 0 , (9)
which for β = −1
2
coincides with the k = 0 and p(t) = 0 Oppenheimer-Snyder model [19, 20].
For β = −2 it determines the stiff fluid (p = ρ).
Since the existence of trapped surfaces is crucial for the determination of the position of
the apparent horizon we next repeat under which conditions trapped surfaces form [8, 21–
25]. For the FRW metric (3) the following out and ingoing null geodesics are introduced
(see also [26]),
lµ = (−1, a(t), 0, 0) , nµ = 1
2
(−1,−a(t), 0, 0), (10)
with lµl
µ = nµn
µ = 0 and lµn
µ = −1. From theses geodesics the outgoing (ingoing) null
expansions θ+ (θ−) are constructed as
θ+ = hµν∇µlν , θ− = hµν∇µnν , (11)
where the transverse metric
hµν = gµν + lµnν + nµlν , (12)
satisfies hµνl
ν = hµνn
ν = 0. Furthermore, introducing the new variable
R(r, t) = ra(t), (13)
which corresponds to the physical radius of the collapsing matter, one obtains for the FRW
metric (3) [25]
θ+ = 2
R˙ + 1
R
= 2
(
a˙
a
+
1
a r
)
, θ− =
R˙− 1
R
=
a˙
a
− 1
a r
, (14)
which leads to the expansion
θ = θ+θ− =
2
a2
(
a˙2 − 1
r2
)
= 2(H2 − 1/R2) . (15)
4Marginally trapped surfaces have the property θ = 0,
θ+ = 0, θ− < 0 , (16)
from which the location of the apparent horizon is obtained
rH = − 1
a˙(t)
. (17)
An equivalent definition for the boundary of a possible apparent horizon is given by
gµν∂µR∂νR = 0, (18)
which for the metric at hand (3) reads
R˙2(r, t) = r2a˙2(t) = 1. (19)
The above condition can be translated into a condition on the time dependent Misner-Sharp
mass [27] given by
2m(r, t) = R(1− gµν∂µR∂νR) = r3a(t)a˙2 = R3H2 , (20)
from which one deduces that marginally trapped surfaces are present whenever the condition
R(r, t)
∣∣∣
H
= RH = 2m(RH , t) (21)
can be satisfied. If the above condition is fulfilled, the marginally trapped surface (θ+ = 0)
can be further classified into a future inner/outer trapping horizon given by the condition
[21]
future inner : θ− < 0 & ∂−θ+ > 0 ,
future outer : θ− < 0 & ∂−θ+ < 0 , (22)
with ∂− = 2nµ∂µ = (∂t − 1a∂r) being the Lie derivative along future directed ingoing null
geodesics. Using Einstein’s equations (4) and (5) and θ+ = 0 the condition for the apparent
horizon becomes
2nµ∂µθ+ = (1 + β)
1
r2a2
= (1 + β)
1
RH
2 , (23)
which is positive (future inner horizon) for −1 < β < 0 and negative (future outer horizon)
for β < −1. The future outer trapping horizon provides a general definition of a black hole
[21].
With the new variable R introduced in (13) the metric becomes a special case of the
Painleve´-Gullstrand (PG) form [20, 26], namely
ds2 = −[1− ψ2(t, R)]dt2 + dR2 − 2ψ(t, R)dRdt+R2dΩ22 , (24)
where
ψ(t, R) = R
a˙(t)
a(t)
= RH < 0 . (25)
The same Painleve´-Gullstrand form is used in Ref. [2], Eq. (2.2) as can be seen by identifying
r = R and
c(t, R) = 1, v(t, R) ≡ ψ(t, R). (26)
In comparison with the notation used in [3] section 4.3.4 under ”The synchronous gauge”
we note
a2(t) = 1/B(r, t), (27)
and Eq. (13).
5III. SURFACE GRAVITY
Having identified the location of the apparent horizon we can now evaluate the geometrical
surface gravity for the metric (24) at the apparent horizon via the formula [9, 28]
κH =
1
2
√−γ ∂i (
√−γγij ∂jR)
∣∣∣
H
, i, j = t, R , (28)
where γ is the 2 dimensional submanifold spanned by the t and R coordinates. For the
metric (24) its components are given by γtt = −(1− ψ2), γtR = γRt = −ψ, γRR = 1, leading
to the surface gravity
κH = −∂tψ/2 + ∂Rψ = −ψ˙/2 + ψ′ = H + H˙
2H
, (29)
which can also be written as
κH = −1 + β
2RH
= −[nν∂νθ+]
∣∣∣
H
RH , (30)
where in the last equality we used (23). For comparison with existing literature it is con-
venient to express the surface gravity in terms of the Misner-Sharp mass (20). Using the
relation
ψ = −
√
2m(t, R)
R
, (31)
together with (29) one obtains
κH =
1− 2m′ + m˙
2RH
∣∣∣
H
, (32)
which is consistent with results presented in [11, 29].
To be more explicit, for the k = 0 fluid the mass in PG coordinates is given by
2m = R3
(
a˙
a
)2
= R3H2. (33)
At this point it is important to note that the surface gravity κH is only positive for future
outer trapping horizons [21, 22], i.e. for β < −1 or equivalently ω > 1/3.
IV. HAMILTON-JACOBI TUNNELING
We are now going to derive the local Hawking temperature of apparent horizons using
the Hamilton-Jacobi tunnelling method, following mainly [3], sections 2.3, 4.3.3 and 4.3.4
(but see also [2, 4–6, 10, 12, 30]). This is done by considering the Hamilton-Jacobi (HJ)
equation for the action on a curved background,
gij∂iI∂jI = 0 , i, j = t, r (34)
and
I =
∫
γ
dxi∂iI , (35)
6where the integration has to be taken along a certain oriented path γ [3, 9]. One can then
obtain the radiation temperature TH from the definition of the tunnelling rate in terms of
the imaginary part of the action
Γ ≡ e−2=mI ≡ e−ω/TH . (36)
Using the metric Eq. (3) the HJ equation reads
∂tI = −1
a
∂rI . (37)
Following the null path γ for which ∆s = 0, i.e. ∆r = − ∆t
a(t)
, one obtains
I = 2
∫
γ
∂rIdr . (38)
Note that for ∆r = + ∆t
a(t)
one obtains I = 0. Therefore either positive ∆r and negative ∆t
or negative ∆r and positive ∆t must be chosen.
Using the Kodama energy vector
Ki =
1√−γ 
ij∂jR(t, r), (39)
i.e Kt = 1, Kr = −rH, and the invariant energy
ω = −Ki∂iI =
(
1
a
+ rH
)
∂rI , (40)
or equivalently
∂rI =
aω
1 + arH
=
aω
1 +RH
, (41)
the imaginary part of the action can be written as
=mI = 2 =m
∫
γ
aω
1 + arH(t)
dr . (42)
In the following we are interested in the near-horizon approximation r ≈ rH = − 1a˙ , i.e.
RHH = −1, for which the denominator of (42) becomes
1 + arH ≈ 2a(H + H˙
2H
) (r − rH) = 2aκH(r − rH) . (43)
A. Space-like horizon
We can now calculate the local temperature of the black hole in the presence of space-like
horizons. Using the Feynman i prescription after the near horizon expansion and taking
κH out of the integral in Eq. (42) one obtains
=mI = 1
κH
=m
∫
γ
ω
r − rH − idr =
piω
κH
, (44)
71-rb3/2 1 tts
1
4π rb3/2
T
FIG. 1. Hawking temperature (blue) as a function of time in units of ts for the stiff fluid case
ρ = p.
in terms of the surface gravity. Note that the path γ is taken with increasing radial coordinate
∆r > 0, which is denoted by
∫
γ
=
∫↘ in [3].
The Hawking temperature
T =
κH
2pi
(45)
is positive for κH(t) > 0, i.e. for space-like horizons: −2 ≥ β < −1, in the FRW model
under consideration. In terms of the time dependence
T (t) = − 1 + β
4pi(1− t/ts) , (46)
a rather universal time dependence for T ≥ −(1 + β) r
(1−β)/β
b
4pi
for a fluid with boundary at
0 ≤ r ≤ rb is observed (Fig. 1). Note that for a stationary black hole T = 18piM which follows
from Eq. (32) when m = M = const [31–33].
A convenient and transparent way to present the different properties of the solution
depending on the parameter β is obtained by introducing the conformal time η,
η =
∫ t
0
dt′
a(t′)
=
∫ a(t)
a(0)
da
a a˙
, (47)
which written down explicitly becomes
η = − 1
β
[1− (1− t/ts)
β
β−1 ] . (48)
The (η, r) diagram is shown for the stiff fluid with β = −2 in Fig. 2 with
η =
1
2
[1− (1− t/ts)2/3], (49)
i.e. η = 1/2 at ts = 1/3 and η = 0 at t = 0.
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FIG. 2. (η, r) diagram inside the stiff fluid r ≤ rb for a space-like horizon (β = −2). Left:
tunneling type-I path through the apparent (AH) and through the event horizon (EH). Right:
tunneling type-I path only through the apparent horizon, therefore the radiation is not observable
outside the event horizon.
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FIG. 3. (t, R) diagram with space-like horizon (β = −2) and tunneling type-I path (red) crossing
the apparent (AH) and the event horizon (EH), finally reaching an external observer.
The apparent horizon formed during the collapse of the fluid sphere r ≤ rb has its
boundary at aβAH =
1
rAH
leading to
ηAH = − 1
β
(1− r) = 1
2
(1− r) . (50)
The event horizon inside the fluid boundary is determined by a radial light ray emitted at
r = 0 which just reaches the surface at r = rb at the same position as the apparent horizon
ηEH = r +
1
|β|(1− rb)− rb = r +
1
2
− 3rb
2
. (51)
In Fig. 2 (left) we indicate a possible tunnelling path through the apparent horizon AH of
the stiff fluid: the type-I path ∆r = −∆η > 0 starts in the trapped region, but crosses also
9the event horizon EH for r ≤ rb, outside the trapped region, before it reaches the particle-
antiparticle vertex. Finally it crosses the boundary of the fluid at point A, which is outside
the event horizon, ending at an outside observer; see also Fig. 3 (c.f. Fig. 4 in [3]). In Fig. 2
(right) the pair creation vertex is inside the EH, therefore the radiation is not observable
for an outside observer.
In order to obtain the full spacetime the metric inside the collapsing fluid has to be
matched with the outer region. We perform the matching by using the Schwarzschild metric.
Outside the collapsing fluid we choose the Schwarzschild metric
ds2 = −f(R)dT 2 + dR
2
f(R)
+R2dΩ22, f(R) = 1−
2M
R
, (52)
which has to be matched with the interior FRW metric (3) at the boundary of a spherical
junction hypersurface r = rb. From the angular parts of the two metrics, we can identify at
the boundary
R = rba(t) ≡ Rb(t), (53)
where t is the proper time of the collapsing fluid and 0 ≤ Rb ≤ rb. From the Israel junction
conditions, the Misner-Sharp mass (20) at the boundary is 2m(rb, t) = Rb(t)(1− f(Rb(t))),
which then gives
2M(t) =
R2β+1b (t)
r
2(β−1)
b
, (54)
leading to a time-dependent mass M(t). Note that 2M(t = 0) = r3b .
Following the treatment of gravitational collapse of uniform perfect fluids as described
in [20], the Painleve´-Gullstrand coordinate system [26] is well suited for the collapse under
consideration. For the interior spacetime the radial coordinate R, Eq. (13), is introduced,
leading to Eq. (25) with
ψ(R, t) = RH < 0. (55)
The exterior region with the metric (52) can be brought into the form of Painleve´-
Gullstrand (24) by the transformation
T = t+ g(R), (56)
where
dg
dR
=
ψ
1− ψ2 , with ψ
2 =
2M(t)
R
. (57)
In the following we discuss the case of the stiff fluid (β = −2). Introducing
R∗ =
∫
dR
f(R)
, (58)
one derives after rescaling R and T by r
3/2
b :
R∗ + T = R + t− arctanR , (59)
R∗ − T = R− t− 1
2
ln |1 +R
1−R | . (60)
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FIG. 4. Space-like horizon (β = −2): Kruskal coordinates outside the stiff fluid. The radiation is
indicated by the red arrows: only the one from A reaches the external observer at infinity.
Finally, the Kruskal coordinates [34] read
rK + tK = exp[(R
∗ + T )/2] , (61)
and
± (rK − tK) = exp[(R∗ − T )/2] , (62)
depending on R > 1 or R < 1, resp. The corresponding diagram is shown in Fig. 4.
B. Time-like horizon
In case of a time-like horizon radiation is possible, as seen as follows: one takes a path
with decreasing radial coordinate ∆r < 0, i.e.
∫
γ
= −∫↘ in Eq. (44) to obtain
=mI = − 1
κH
=m
∫
↘ ω
r − rH − idr = −
piω
κH
, (63)
such that the Hawking temperature becomes
T = −κH
2pi
, (64)
which is positive for κH(t) < 0, i.e. for time-like horizons: −1 < β < 0, in the FRW model
under consideration.
For the typical case of the OS-model [19], with β = −1/2, a tunnelling path (type-II) with
the vertex inside the trapped region and crossing the time-like horizon is possible, but the
radiation ends at the center r = 0. For the interior and exterior geometry of the collapsing
sphere of dust see Fig. 7 in [35].
This case of Hawking radiation during the collapse of the fluid in the presence of a time-
like dynamical horizon is trapped, see also the discussion in [36, 37]: it does not end up at
infinity.
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V. DISCUSSION
In summary to obtain the radiation temperature TH in the presence of a space-like or
a time-like trapped horizon one may just take the absolute value in terms of the surface
gravity on the horizon,
TH =
|κH |
2pi
. (65)
Concerning the regularization step one directly obtains this result - instead of using Eq. (44)
- by considering as example the integral of an arbitrary function f(r) ≈ κH(r− r0) near the
pole r = r0, where κH does not depend on r,
I = =m
∫
↘ dr
f(r)− i = (66)
= pi
∫
↘δ[f(r)]dr = pi|∂rf(r0)| =
pi
|κH | , (67)
in terms of the absolute value of κH .
However, this consideration alone do not contain information if the Hawking radiation
can reach an asymptotic observer. In order to decide this a more thorough investigation
has to be made by checking if the Hawking radiation crosses both, the apparent and event
horizons. In this note we reanalyzed the case of a collapsing fluid in a flat FRW background
where we showed that only Hawking radiation from space-like trapping horizons can reach
an external observer at infinity.
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